AGMON-KATO-KURODA THEOREMS FOR A LARGE 
CLASS OF PERTURBATIONS 
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Abstract. We prove asymptotic completeness for operators of the form 
H = —A + L on L^(M'^), d > 2, where L is an admissible perturbation. Our 
class of admissible perturbations contains multiplication operators defined 
by real-valued potentials V € ^'(K''), q £ [d/2, {d + l)/2] (if d = 2 then 
we require q € (1,3/2]), as well as real- valued potentials V satisfying a 
global Kato condition. The class of admissible perturbations also contains 
first order differential operators of the form a • V — V • a for suitable vector 
potentials a. Our main technical statement is a new limiting absorption 
principle which we prove using techniques from harmonic analysis related 
to the Stein- Tomas restriction theorem. 



1. Introduction 

One of the basic problems of quantum mechanics is to determine the spec- 
trum and the spectral types of the self-adjoint operator 

H = -A + L 

on L^(]R^), where L is a suitable perturbation. A minimal requirement for 
self-adjointness is that L is symmetric. Given the self-adjoint operator H, 
let (Tac(-ff), (Tsc{H), and crpp(iJ), denote its absolutely continuous spectrum, 
singular continuous spectrum, and pure point spectrum respectively. Let H = 
J \E{dX) denote the spectral resolution of H. It is well-known that there is a 
Lebesgue decomposition 



E = Ea_c + Esc + E, 



PP' 



where the terms on the right-hand side are projection valued measures. The 
ranges of E^ciM), -E'sc(I^), and £'pp(]R) are orthogonal and are typically de- 
noted by Ll^, Lg^, and Lpp, respectively. These subspaces are referred to as the 
absolutely continuous, singular continuous, and pure point subspaces, respec- 
tively. Physically, it is most relevant to determine which of these is nonzero. 
This is related to the long-time behavior of the evolution e~**^. Indeed, any 
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/ G L^(M'^) with Eppf = f does not propagate, whereas (i?ac + -E'sc)/ = / leads 
to transport (see the RAGE theorem in j2]). 

A much-studied case of perturbations are those defined by multiphcation 
with suitable potentials V. For example, if for some e > 

sup(l + |a;|)^+"|l^(a;)| < oo, (1.1) 

then a classical theorem of S. Agmon pP (which applies to all dimensions 
d > 1), combined with T. Kato's theorem [S] on absence of eigenvalues in 
(0, oo) for such V, states there is asymptotic completeness in this case. In 
dynamical terms, this refers to the fact that for any / G L'^{M.'^) there is 
/o G L^iR'^) so that 

j 

as t — s> 00. Here Hq = —A, Xj < are the eigenvalues of H, and Pj are the 
orthogonal projections onto the associated eigenspaces. In spectral terms, this 
means that E^c = and that the wave operators 

exist and are complete, i.e., they are surjective onto the absolutely continuous 
spectral subspace L^^ of H. S. Agmon's work was the culmination of a series 
of partial results for which we refer to |1| and M. Reed, B. Simon |1^. In par- 
ticular, Agmon deduced the existence and completeness of the wave operators 
from the limiting absorption principle 

supsup||(iJ-(A + ze))-i|U2..^i2,-. <C(V,Ao), (1.2) 

A>Ao e>0 

Ao > and a > 1/2, via Kato's smoothing theory, see [H]. Here 

L2''^(M^) := {/ : (1 + \x\yf{x) G L^{R'')}. 
We remark that ()1.2p immediately leads to the fact that 

^sc(M+) = 

because of the density of L'^''^ in L^, see Theorem XIII. 20 in fT^. A recent 
example of A. Kiselev J2] (in d = 1) shows that S. Agmon's theorem is 
essentially sharp as far as the decay of V is concerned. For a recent review 
of much of what is known about the spectral theory of decaying potentials we 
refer to S. Denisov, A. Kiselev's survey j^]. 

The optimality of (jl.lj) is related to the optimality of a > 1/2 in the limiting 
absorption principle (jl.2j) . When V = 0, the limiting absorption principle (jl.2p 
is intimately connected to basic restriction theorems for the Fourier transform. 
The relevant restriction theorem in this case is the bound 

||/|U2(§''-1) < C'||/||L2>-(Md) 
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with a > 1/2, known as the trace-lemma. 

The trace lemma apphes to the restriction of the Fourier transform to any 
compact hypersurface. In particular, it does not use the fact that the Gaussian 
curvature of the sphere does not vanish. In contrast, the well-known Stein- 
Tomas restriction theorem asserts that 



|l2(S<«-1) < C\\f\\LPa(f,d) 

where pd = {2d + 2)/((i + 3) and d> 2 (see Q^). This is an optimal bound in 
the sense that it fails for any p > pd. Moreover, it fails for surfaces with one 
vanishing principal curvature. It is natural to ask what kind of Agmon-type 
theorem or limiting absorption principle results from using the Stein- Tomas 
theorem rather than the much simpler trace lemma. This issue was addressed 
by M. Goldberg and the second author [S] who obtained the bound 



sup 

0<e<l, A>Ao 



-A + - (A^ + ^e))-' < C(Ao, V) \-''' (1.3) 



provided V G L^/^(M^) fl L^/^+'^(M^), 5 > 0. In particular, the spectrum of 
—A -|- is purely absolutely continuous on (0, oo) for such V . This result 
depended on the recent unique continuation theorem of the first author and 
D. Jerison [7j, who established the absence of imbedded point spectrum for H 
under the condition V G L^/^(R^) (with suitable analogues in all dimensions 
d >2). Because of its dependence on a strong unique continuation result at 
infinity, the approach of [Sj was rather limited. In particular, it applied only to 
potentials V G L^/^(M^) nL^/^+''(M^), 5 > 0. Moreover, in |S] no unconditional 
statement could be made about absence of singular continuous spectrum for 
1/gLp(R3),3/2<p<2. 

The goal of this paper is to prove an Agmon-type theorem for a much larger 
class of perturbations without relying on any unique continuation theorem at 
infinity. Similar to jl], we will prove a suitable limiting absorption bound. 
However, extensive use is made of bounds on oscillatory integrals in the spirit 
of the Stein- Tomas restriction theorem and related bounds for Bochner-Riesz 
means, see [IHl Chapter IX]. We now describe our results in more detail. Our 
main theorem is Theorem 11.31 

We assume from now on that the dimension d is > 2. We define the sets 
Dj = {x eW^ : \x\ G [2^-\2^]}, j > 1, and Dq = {x e R'^ : \x\ G [0,1]}. 
Following the notation in pi Chapter XIV] , we also define the following Banach 
spaces of functions on M'^, d > 2: 



< oo 



5 = |/:M^^C: ||/||b:=5^2^-/ 

j=0 

B* = \u:R'^ ^C: \\u\\b* := snp2-^/^\\u\\L2(D) < oo). 

i>o ' J 



4 ALEXANDRU D. lONESCU AND WILHELM SCHLAG 

The spaces B and B* are related to the sharp form of the trace lemma 

T:B^ and T'^ : L^i^"^-^) B* , (1.4) 

as bounded operators (see [6, Theorem 7.1.26]). 

Let S{R'^) denote the space of Schwartz functions on R'^ and 5'(R'^) the space 
of distributions. For any a G C let Sa : 5'(M^) ^ 5'(M°') denote the operator 
defined by the Fourier multiplier ^ ^ (1 + |^P)"/^, i.e., = {I — A)"/^. For 
1 < j9 < oo and a G M we define the standard Sobolev spaces 

ly^'P = {ue S'{R'^) : SaU G LP} with \ \u\\w'^,p := ||5«m||lp. 

Let pd = {2d + 2)/(c/ + 3) and p'^ = {2d + 2) / {d - I) denote the Stein-Tomas 
restriction exponents. Let Si{B) denote the image of B under 5*1, and S-i{B*) 
the image of B* under S^i. The main Banach spaces we use in this paper are 

X := iy-i/('^+i)'P'' + 5i(i?) with ll/IU := inf ||5-i/(d+i)/i||L>^. + H^^iMU, 

/l+/2=/ 

and 

X* := W^V(rf+i),P:,n5_i(5*) with \\u\\x* :=max(||Si/(d+i)M||^,.,||5iM||B0- 

1 2 

Clearly, X is a space of distributions and X* C W^^^ . To motivate these 
definitions, we notice first that 

^ : X ^ L2(§'^-1) and : ^^(§^-1) ^ X*, (1.5) 

as bounded operators, which is a consequence of the Stein-Tomas restriction 
theorem and ()1.4j) . Moreover 

X and X*, (1.6) 

which follows from the Sobolev imbedding theorem (this explains the choice 
of the exponent l/{d + 1) in the definition of X and X*) and the imbedding 
B "—>■ L"^ "—^ B* . Finally, for more general theorems, we would like to have the 
space X as large as possible and the space X* as small as possible, subject to 
()1.5|) and ()1.6p . Our first theorem is a uniform bound for the free resolvent 
Ro{z), z E C \ [0, oo). The operator Ro{z) is defined on iS'(M'^) by the Fourier 
multiplier C, — > (|^P — 

Theorem 1.1. Assume that 6 G (0, 1]. Then 

sup \\Ro{X + ie)\\x^x* < Cs < oo, (1.7) 

|A|e[5,5-i],eehi,i]\{o} 

where Cs is a (finite) constant that depends only on 6 and the dimension d. 

The main point of Theorem ll.ll is the uniformity of the bound ()1.7p as e — > 0. 
In contrast, the bound in the stronger (elliptic) imbedding Ro{X+ie) : W^^'"^ — >■ 
W^'"^ blows up as e — if A > 0. The proof of Theorem ll.ll is essentially known 
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through the work of L. Hormander, C. Kenig, A. Ruiz, C. Sogge, and L. Vega, 
see 0, [ID], [in]; we collect the necessary bounds in Section |21 

We also prove a weighted estimate. For > 0, 7 G (0, 1], and x E R'^, we 
define the weight 

(1 + IxP)^ 
(1 + 7|a;p)^^ 

Theorem 1.2. Assume that 6 G (0, 1]. Then 

\\lJ'N,yU\\x* < Civ,5||/iAr,^(A + A)u||x (1-9) 

for any A G R with |A| G [6, S^^], and any u G X* with the property that 

lim R-^ I \u\^dx = 0. (1.10) 

-R^oo Jr<\x\<2R 

The constant Cn,s depends only on N, 6, and the dimension d. 
We remark that the condition ()1.10j) is necessary: let 

u{x) = [ e-"-«rfe 

Then u G X*, however (A + l)u = 0. Theorem 11.21 plays a key role in 
the bootstrap argument in the proof of our main Theorem II. HI below (see 
Lemma f4.4j) . We emphasize that the constant in (jl.9p is allowed to depend on 
the parameter N, but not on 7 G (0, 1]. 

For functions u, f E S{R'^), we define {u, f) := f^^uf dx. Clearly, {u, f) = 
{Sa{u), S'_Q,(/)) for any a G R. By a slight abuse of notation, we extend the 
definition of (., .) to pairs 

(m, /) G S'{R'^) X 5(R"') U X U W-^'"^ x W^'"^ UX xX*. 

We have 

Kw,/)|<min(||w|U2||/|U.,||M||i^-...||/||^M,||M|U||/|U0- (1-11) 
Also, it follows easily from the definitions of the spaces X and X* that 

||/||x<C sup |(/, 0)1 and < C sup 

065(IRd), ||</.||^*=l <),eS{R''),\\<l>\\x=l 

(1.12) 

Definition: Let C{X*,X) denote the space of bounded operators from X* 
to X . We say that L is an admissible perturbation if: 
(1) Le C{X*,X) and 



{L<P,^) = {Lij,ct>) (1.13) 

for any (pjip E iS(R'^) (i.e. L is symmetric). 

(2) For any £ > and N > there are An^^, Rn,e ^ [1; 00) such that 

\\lJ'N,-fLu\\x < £\\fJ'N,'rU\\x* + A7v^e||Ml{|a;|<iJjv,j||L2 (1-14) 
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for any u G X* and any •y G (0, 1], where 1e denotes the characteristic function 
of the set E. 

(3) There is an integer J > 1 and operators Aj,Bj in £(X*,L^) for 1 < 
j < J such that 

J 

{L(f),^) = J2{BAM) for any e X*. (1.15) 

i=i 

Moreover, considered as (unbounded) operators on L"^ , Aj,Bj are closed on 
some domains satisfying^ 

Domain(Aj) D iy^'2(R'^), Domain(Sj) D W^'^iM."^) 

for all 1 <j < J. 

Our main goal is to prove an Agmon-type theorem for admissible pertur- 
bations. Before formulating our main theorem, we remark that condition (1) 
in the definition of admissible perturbations is essential for our arguments. 
Condition (2) is somewhat technical and is related to our use of Theorem 11.21 
Variations (and improvements) of condition (2) are possible. Condition (3) is 
the usual condition which arises in Kato's smoothing theory jH], and is needed 
in order to study the wave operators which intertwine —A and —A + L. 

In view of ()1.6|) . 

H ■=-A + L: W^'^ W-^'^ 
as a bounded operator, for any admissible perturbation L. Our main theorem 
is the following: 

Theorem 1.3. Assume that L is an admissible perturbation. Then the follow- 
ing properties hold: 

(a) The operator H = —A + L defines a closed, self-adjoint operator on 

Domain(i7) = {u e W^'^{R'^) : Hu G ^^(R"')}. (1.16) 

In addition, Domain(if) is dense in L^(M'*) and H is bounded from below on 
Domain(iy). 

(b) The set of nonzero eigenvalues £ = O"pp\{0} of H is discrete mR\{0}, 
i.e., SnI is finite for any compact set I CR\{0}. Moreover, each eigenvalue 
in £ has finite multiplicity. 

(c) Any eigenfunction u of H with eigenvalue \ ^ Q is rapidly decreasing, 
i.e., for any integer N > 0, 

{l + \x\YueW^'''{R'^). (1.17) 

(d) Let / C (R \ {0}) \S be compact. Then 

sup \\RL{X + ie)\\x~,x* <C{L, I) <oo, (1.18) 
Ae/,ee[-i,i]\o 

""^These inclusions are natural since W^'"^ C X* 
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where RiiX + ie) denotes the resolvent of H at X + ie, and C{L, I) is a constant 
that depends on the interval I, the perturbation L, and the dimension d. Thus 
the spectrum of the operator H is purely absolutely continuous on I. 

(e) a,,{H) = and a^{H) = [0, oo). 

(f) The wave operators Q^{H,Hq) exist and are complete, where Hq = —A. 

We notice the similarity of Theorem 11.31 with the Agmon-Kato-Kuroda the- 
orem, see Theorem XIII. 33 in fT^. The main novelty in our theorem is that 
it applies to a much larger class of perturbations. To provide examples of 
admissible perturbations we define the Banach space 



j=0 

where the sets Dj are as in the definitions of the spaces B and B*. For 
6 E (0, 1/2] we define the kernels 



Clearly, M,(/)(x) < CM,,{f){x) if 1 < g ^ g' < oo. Also, ||M,(/)||^y(^^) < 

C\\Mg{f) \\lp0^) if 1 < P < p' < oo, where Dj = Dj^i U Dj U Dj+i if j > 1 and 

Do = -Do U Di (the last inequality is easy to prove for p' = p and p' = oo, thus 
for p' G [p, oo] by interpolation). We fix qo = d/2 if d > 3 and go > 1 if = 2. 

Proposition 1.4. The following are examples of admissible perturbations: 

(a) Multiplication operators defined by real-valued potentials V with the prop- 
erty that 



oo 





if ci > 3; 
if = 2. 



For any exponent g G [1, oo) and measurable function / let 




(1.19) 



or 



(1.20) 



or 



lim\\\V\ * KdMW = 0. 







(1.21) 



(b ) First order differential operators of the form 



a ■ V — V ■ a. 
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defined by vector-valued potentials a : M — >• C with the property that 

J2[^'^'\\M2M)\\l^^Hd,)) \ <oo, (1.22) 



3=0 

or 
or 



M2M)eY, (1.23) 
lim||[|a|2*Krf,,]V2||^ = 0. (1.24) 

<5— >0 

(c) Any finite linear combination of admissible perturbations with real coef- 
ficients. 

We remark that the exponent {d-\-l)/2 in ()1.19|1 is optimal for Theorem 11.31 
to hold. This is due to a recent example by the first author and D. Jerison 
of a potential V ^ L'^, for all p > {d+l)/2, such that H = —A + V has slowly 
decaying eigenfunctions (and positive eigenvalues). We emphasize that this 
example is not related to the local singularities of V. In fact, is a smooth, 
real-valued function with oscillations and asymptotic behavior 

\V{x)\ ^ (1 + |xi| + \x'\Y'- 

The main issue here is that the potential behaves differently along different 
directions. It remains to be seen if such examples can lead to dense point 
spectrum or even imbedded singular continuous spectrum as well. It is possible 
that the transition point for singular continuous spectrum occurs at larger 
values of q, for example at q = d (Coulomb case)^. The same remark applies 
to first order perturbations defined by vector potentials a as in ()1.22|) . The 
restriction on the exponent go is needed to define the operator as a self- 
adjoint operator on its domain. 

In some cases of admissible perturbations we can add the natural conclusion 

appC(-oo,0]. (1.25) 

For potentials V G L^^'^{W''), d > 3 {a restriction stronger than ()1.19|) ). this 
follows from j7| Theorem 2.1]. H. Koch and D. Tataru ^3] have recently proved 
the absence of positive eigenvalues for potentials V that satisfy conditions 
similar to (jl.l9|) . 

We also allow perturbations given by multiplication with potentials in the 
global Kato class described in ()1.21|) . For comparison, the local Kato class (cf. 
[T7j ) is defined by the condition 

lim II \ V\ * Kd,s\\L°- = 0. 

<5^0 



^This possibility was communicated to the second author by Barry Simon, who beheves 
that it should he q = d. 
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We remark that the condition ()1.2H) is more general than S. Agmon's condition 



for some e > and < /i < 4. This is easy to see, using the Cauchy-Schwartz 
inequahty and the fact that (1 + G Y . For operators defined by 

potentials V as in ()1.2H) . the conclusion ()1.25|) is not known; even the easier 
question of absence of compactly supported eigenfunctions for such potentials 
is not settled (see Wl\ p. 519]). Our proof of Theorem 11.31 is independent of 
the validity of (IT^ . 

We have the following corollary of Theorem II. 3| which relies on the well- 
known connection between smoothing bounds for the resolvent as in p.l8|l 
and time-dependent smoothing bounds. This connection is given by T. Kato's 
theory 0. 

Corollary 1.5. Let L he an admissible perturbation, and let £ be as in Theo- 
renri M.'A Then for any compact set / C (M \ {0}) \ £ , there exists a constant 
C{I, L) such that 



5i/(,+i)[e^*^E(/)/]|| . + ||5i[e'*^E(J)/]||^,^. < C{I,L)\\fh, (i.26) 



for any f & LF' , where E{I) denotes the spectral projection onto the interval I 
associated with H. 

Because of the spectral projection E{I) with a compact / the smoothing 
effect in Corollarv ll. 51 given by derivatives is less meaningful. Nevertheless, we 
state it in this form since it is directly related to ()1.18p . 

The rest of the paper is organized as follows: in Section |21 we prove Theo- 
rem ll.ll In SectionElwe prove Theorem ll.21 which is essential for our bootstrap 
argument in the proof of the main Theorem 11.31 and also leads to the rapid 
decay of eigenfunctions with nonzero eigenvalues in (jl.lTp . In Section 0] we 
transfer the limiting absorption principle ()1.18|) from the case L = (The- 
orem II. Ij) to the general case of admissible perturbations, by means of the 
resolvent identity and Fredholm's alternative. In Section El we prove Theo- 
rem and Corollarv 11.51 Finally, in Section IHl we prove Proposition 11.41 

The authors would like to thank C. E. Kenig and B. Simon for useful dis- 
cussions. 



(1.3) in P 




For A G [ 



5-' 



2. Proof of Theorem 11.11 
S] or |e| > 5, we have the elliptic bound 
||i?o('^ + ie)||v(/-i.2^VKi.2 
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which is stronger than ()1.7|1 . in view of ()l.fi|l . Thus, we may assume that A G 
[6, 6~^] and |e| < 6. Let x : M"^ ^ [0, 1] denote a smooth function supported in 
the set {|C| G [VX/2, 3\/A/2]} and equal to 1 in the set {|^| G [371/4, 5y/X/4:]}. 
Let x(-D) and (1— denote the operators defined by the Fourier multiphers 
C ~^ x(0 ^ ^ 1 — For the operator (1 — x){D)Rq{X + ie) we have 

again the stronger eUiptic bound 

11(1 - x){D)Ro{\ + te)\\w-^,2^w^.2 < Cs. 

It remains to prove that 

MD)R^{X + ie)\\x^X'<Cs. 

which is equivalent to 
||5ix(I^)i?o(A + 2e)5i||B^B. + ||5^Xp)i?o(A + ^e)5_i_||^,^^^,;^ 

+ \\Six{D)R^{\ + it)S^\\Lv,^B' + \\S^x{D)RQ{\ + it)Si\\^ < Cs. 

(2.1) 

The B ^ B* bound in ()2.1|) follows from |6l Theorem 14.2.2]. Also, since 

{Si/i^d+i)X{.D)Ro{\ + ie)Sif,g) = {f,Six{D)Ro{X-ie)Si/(d+i)9) 
for any f,g E S(W^), it follows that 

\\Si/{d+i)X{D)Ro{X + ie)Si W^^^p'^ = \ \Six{D)Ro{\ - ie)Si/(^d+i) I |Lfd-.B* • 

Thus it remains to prove the L^"^ L^'d and the L^'' B* bounds in (|2.H) . 
The LP'* B* bound follows from the work of A. Ruiz and L. Vega, see [TBI 
Theorem 3.1]. For the L^'* L^d bound, we notice that S2/{d+i)X{D) is a 
bounded operator on L^^*, so it suffices to prove that 

ll^o(A + z6)||^,^^^,, 
uniformly in e and A G [5,5^^]. This follows from [TIH Theorem 2.3]. 

3. Proof of Theorem 11.21 

The constants Cat in this section may depend on N and the dimension d, 
but not on 7. We start with a lemma concerning the weight fiN,-y 

Lemma 3.1. (a) We have 

for some functions bj, b, and b with the property that for any x G M" 

d 

hixm + \x\^Y'^ + |6(x)|(l + IxH + |6(x)|(l + |x|2) < Cn. (3.1) 
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(b) We have 

for any a;, y G M"'. 

('cj For any r G (0, oo) anc? x G M'^, 

AtAf,7(a;) < CN,rlJ'N,'Y{rx) < CN,rlJ'N,^{x). 

Proof of Lemma \3.1\ The proof follows easily from the formula p.8|) . □ 

We also need a technical lemma that allows us to commute the operators 
Sa and multiplication by the weight ixn^- 

Lemma 3.2. For a G [-2,2] 

ll/iSa/i "'">S'_Q,| lip^i^p + I l/i^a/i """S-Q-l + I l/i'S'a/i """^.q, 1 1 B*^^* < C'Af 5 (3.2) 

and 

I IS'a/iS'-a/i """I Ilp^Lp + I IS'ayLtS'-a/i ^ 1 1 s^fi + 1 1 'S'a/iS'-a/i 1 1 < CjV , (3.3) 

where p G {p^, 2,^'^} and /i G {AiAr,7, /^^^ ■ 

Proof of Lemma jy.^ (a) By analytic interpolation, it suffices to prove ()3.2|) 
and (jH.Hp for a = ±2 + ij3, P E M, with constant Cng^ ■ Notice also that 

{fJ'S-2^il3fi~^S2+ii3f,i') = (/, S'2-i/3/U~"^S'_2+i/3/iV^), 

for any / G S'{R'^) and G 5(M^). So it suffices to prove (jSH and (jSH for 
a = 2 + /5 G M. We use the fact that S2 = —A + 1 and Lemma EUJa). 
Then, with aj = bj and a = 6, or aj = —bj and a = b 

^S2+il3^ ^S-2-ii3 = fJ'Sii3fl ^[S-ii3 + 2 ajdxjS-2-i/3 + a5'_2-j/3] (3.4) 

j 

and 

5'2+j/3/i>S'_2-i/3/i = S'j/3[/iS'_j/3/X ^ + 2 ajfidx^S^2-il3fJ' ^ + aflS^2-il3fJ' 

(3.5) 

The operator is bounded on i?, B*, and L^, by the theory of singular inte- 
grals (for boundedness on B and B*, notice that the kernel of this operator is 
rapidly decreasing at 00). The same is true for the operator 2 ajdxjS_2-ii3 + 
aS-2-if3 in the right-hand side of ()3.4p . in view of Lemma E^a). Therefore it 
suffices to prove that if m G C°°(M'^) satisfies the differential bounds 

Id^^miOl < C^il + m-^"^^' (3.6) 
for any ,^ G M'^ and multi-index z/, then 
\\lJ,m{D)ij'^\\LP^LP + \ \nm{D)ix'^\\B^B + \ \^m{D)ij'^\\B*^B' < CN,m, (3.7) 
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where p and fi are as in Lemma IT^ and m{D) denotes the operator defined 
by the Fourier multipher ^{C)- 

To prove ()3.7p . we use the fact the kernel of the operator m{D) has rapid 
decay away from the diagonah 

\m{D){x,y)\<C,\x-yr (3.8) 

for any x,y ^M.'^ and integer u > 0. This follows from ()3.6|) by integration by 
parts. Let Dj denote the sets in the definition of the spaces B and B*. We 
show first that if p G {pd, '^,p'd} then 

\\lD.,^miD)ij,-''lD,\\Lp^L. < CN,m2-^'-'\ (3.9) 

for any integers j,j' > 0. For \j — j'\ > 2 we can simply use ()3.8|1 and the 
fact that the absolute value of the kernel of the operator Id ,,fim{D)fi''^lDj is 

lD^,{^)f^i^)\miD){x,y)\fi'\y)lD,{y) < CnA^ + \x - y\)-''2-\^-^'\, in view of 
Lemma l3. if b). For \j — j'| < 1 we use the fact that m{D) defines a bounded 
operator on U': 

\\lD^,lim{D)ii-^lDj\\Lv < sup /i(x)||m(D)/i"^lz3^./||iP 

< sup /i(x) sup ^'^{y)\\f\\Lv, 

which proves the — >■ bound in ()3.9|1 . in view of Lemma f3.ir c). 
We complete now the proof of ()3.7|) . For the bound: 



oo oo 



||/im(D)/i ^fWl^ = ^\\^lDyHm{D)fi ^IdJWI 



LP 



oo oo 



p 

N,m\\J I ILP' 



as desired. The proof of the B ^ B and B* B* bounds is similar, using 
the — s> bound in (j3.9p . This completes the proof of Lemma f3. 21 □ 

For later use, we show that if x ^ C^(]R'^) and x{D) denotes the operator 
defined by the Fourier multiplier C, — > xiO then 

,x\\l^N,'y9\\x (3.10) 
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for any g & X. For this, we notice first that if (? G X then iiN^-yQ & X: let 
9 = 91 + 92 with S^i/^d+i)9i ^ LP'^ and S^ig2 E B. Then 

||/^Af,75'IU — \ \S^l/{d+l)f^N,-y9l\\LPd + \ \S-iflN,-y92\\B 

= \\[S 

-lfJ'N,-ySifij^^^]fiN,'yS-ig2\\B 
< C'Af,7[||'S'-l/((i+l)(7l||LPd + 1 1 •S'- 1(72 1 1 b] < CAf,7l IS'I U, 

using Lemma and the fact that \fiiy^j{x)\ < Cj^^^. To prove ()3.1U|) . let 
9 = 9i + 92^^ such that 2| |/iAr^^5(| |x > \\S-i/(^d+i)lJ'Nn9i\\LPd + | |5'_i/iAr,^5f2| |b. 
Then 

\\^^N,■yX{D)g\\x < \\S-lj{^d+l)^J'NaX{D)gl\\LVd + \\S^i^,N,^x{D)g2\\B 

+ 1 1 [S-ifXN,jSiflj^^^^] [flN,'yX{D)f^N,y\ [f^N,'yS-iflj^^^^Si\S-ilXN,'r92\\B 
^ CN,x[\\'^-l/{d+l)fJ'N,-y9l\\LPd + \\S^lfiN,-y92\\B] < C N,x\\f^N,-y9\\x , 

using Lemma 13.21 and (j3.7p . This completes the proof of (j3.1(jp . 

We turn now to the proof of Theorem 11.21 We prove first the bound ()1.9|) 
under the additional restriction 

u e S{W^). (3.11) 
In the case A G [—5^^, —S\ we prove the stronger elliptic bound 

I |/^Ar,7'u| < CiV,5| |/^iV,7(^ + A)u| |i4/-i,2. (3.12) 

Let / = S-ifiN,'yi^ + A)m. Then SijjN,'yU = S'i/iAr,^(A + \y^jj]^^,^Sif. Thus 

||/^Af,7w||vKi^2 = \ \SijJ,N,'rU\\L2 

= \\[SlfJ'N,'yS-iflj^^^^][fJ.N,"/Sl{A + \) '^SifXj^\^][fXN,'rS^ifX]^/'^^Si]f\\L2 
<CN\\f\\L^, 

using Lemma HT^ and (j3.7p . This proves (j3.12p . 

The proof in the case A G [6, 6~^] is more difficult, since the elliptic bound 
(j3.12|) does not hold. For some small constant Eq = 60(6) > (to be fixed 
later), let A = {^^, . . . ,^"^} denote a eo/lOO-net on the sphere {|^| = V^} in 
the Fourier space. Using this net, we construct a partition of 1 in the Fourier 
space. We have 1 = xo + Xi + ■ ■ ■ + Xm, where xo, Xi, ■ ■ ■ ,Xm ■ R'^ ^ [0, 1] are 
smooth functions, Xo is supported in the set : — |^| | > Eo/lO}, and Xj 
is supported in the set : l^-' — ^| < £0/2}. Let Xj{.D) denote the operator 
defined by the Fourier multiplier Xj- 
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An estimate similar to the proof of ()3.12j) shows that 

\\fiN,'rXo{D)u\\x* < C\\fiN,'yXoiD)u\\w^,2 < CAr,5||/iAr,^Xo(^)(A + A)m||i4/-i,2 

< C'iv,5||/iiv,7(A + A)u||x, (3.13) 

using (jH.lOj) . It remains to prove a similar estimate for \\fiN^yXj{D)u\\x*, j = 
1, . . . , m. Let Xj denote a smooth function supported in the set : l^-' — ^| < 
Eq} and equal to 1 in the set : l^-' — ^| < £^o/2}. Thus XjXj = Xj- Then 

\\fJ'NaXj{D)u\\x* < \ \Si/^d+i)fJ'NaXj{D)u\\^p'^ + \\SifiN,'yXj{D)u\\B- 

+ \ \[SlfiN,'yS_ifij/-J[fiN,'ySiXj{D)flj/-^^^]flN,'yXj{D)u\\B* 
< CN,s\\f^N,jXj{D)u\\^p'^^^^, 

using Lemma IH.2I and ()H.7j) . A similar estimate, using again Lemma IH.2I 
and ()3.7p . together with decompositions as in the proof of ()3.10|) . shows that 

\\fiN,^Xj{D){A + X)u\\LPd+B < CN,5\\f^N,^Xj{D){A + X)u\\x- (3.15) 

The estimates ()3.1()|1 . ()3.13j) . (jSHH), and ()3.15|1 show that it suffices to prove 
that for any u G S{R'^) 

\\fiN,'rXj{D)u\\^p'^^^, < CN,s\\fJ'N,'yXj{D){A + \)u\\LPd+B, j = l,...,m. (3.16) 

It remains to prove ()3.16|) . By rescaling and rotation invariance, we may 
assume that A = 1 and Xj = X is a smooth function supported in the ball of 
radius eo/2 around the unit vector .^'^ = (0, . . . , 0, 1). Let ^J*", . . . , ^j" denote a 
basis of M'^ of unit vectors in the ball : |^ — < 6o/2}. Clearly 

|x| <C(|x-ei+| + ... + |x-Cl)- 

It follows easily that 
where, for t G [0, oo) 



Thus we may replace the weight fi]\f^^{x) in (|3.16|) with Jlx,-yi\x ■ (in both 
sides of the inequality). To summarize, by rotation invariance, it remains to 
prove that 

\\liN,-y{\Xd\)u\\^p'^^^^ < CN\\]iN,'r{\Xd\){^ + l)u\\LPd+B, (3.17) 

for all functions u G iS(]R'^) with the property that u is supported in the ball 

Let 1+ and 1_ denote the characteristic functions of the intervals [0, oo) and 
(-00,0). Let / = (A + 1)m, F{x) = JlN,'yi\xd\)fix), and [/(x) = ]lN,'y{\xd\)u{x). 
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Let Xd) and f{^', Xd) denote the partial Fourier transforms of the functions 
u and / in the variable x' = {xi, . . . ,Xd-i)- The equation / = (A + l)u is 
equivalent to 

[di + {i-\a')m',xd) = m',xd). (s.is) 

The functions u and / are supported in the ball {,^' : |,^'| < £o ^ !}• By- 
integration by parts, 

^ r^.,, , sin(v/r^^(x,-t/,)) ^ 

u{^,Xd) = - f{^,ydj , dyd 

' V ' (3 19) 

/(^ , Vd) , dyd. 

We use the formula in the first line of (j3.19p when a;^ > 0, and the formula in 
the second line when Xd < 0. Let : W^^^ [0, 1] denote a smooth function 
supported in the ball : |^'| < 2£q} and equal to 1 in the ball : |^'| < ^o}- 
By taking the inverse Fourier transform in the variable ^' we have 



u{x\xd) = cl+{xd) / f{y',yd)l-ixd-yd)H{x'-y',Xd-yd)dy 
-cl_(xd) / f{y',yd)l+{xd-yd)H{x' -y',Xd-yd)dy, 



(3.20) 



where 



H{z', Zd) = I e-'<"^^^^y^^^^m di'. (3.21) 



'I - le 

By multiplying with the weight /liv,^, we have 



U{x',Xd)=c F{y',yd)K{x',Xd,y',yd)dy'dyd, (3.22) 

where 

K{x',Xd,y',yd) = [l+(xd)l_(xd - y^) - l_(xd)l+(xd - y^)] 

- — - — ^H[x -y,Xd-yd)- 

It is important to notice that K{x',Xd,y',yd) = if \yd\ > \xd\', therefore the 
weight ]lN,'r{\xd\)/]iN,-/{\yd\) is always < 1. Let T denote the operator defined 
by the kernel K in the right-hand side of (j3.22p . It remains to prove that T 
extends to a bounded operator from L^'^ + B to U'd fl B* . 

Lemma 3.3. For f G iS(M"') we have 

\\Tf\\B^<C\\f\\B. 
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Proof of Lemma V^.'A This is essentially proved in [OJ Chapter XIV]. We need 
the observation that 

||T/||b. <Csup||T/(.,x,)|U2, and||/||B>C-^ / \\f{..yML-,dy,. 
In addition, if > then 

S^^^4~4ll f f{y\yd)H{x' - y' ,Xd- yd) dy'\\L2 dyd 



< 



<C / \\f{..yd)U,dyd, 

where the last inequality follows from Plancherel's Theorem and the mono- 
tonicity of the weight 'jlN,'^ The estimate in the case < is similar. □ 

Lemma 3.4. For f E 5(M'^) we have 

||T/||^,. <C||/|U... (3.24) 

Proof of Lemma \3.4\ Let 

WN{xd,yd) = [l+{xd)l^{xd - yd) - l-{xd)l+{xd - z/d)]1^^^47~4v 

f^N,y{\yd\) 

denote the weight in the definition ()3.23|) of the kernel K, W^i^Xd, yd) ^ [—1, !]• 
We use analytic interpolation. For a E C, G [—{d— l)/2, 1], let 

K^i^x' ,Xd,y\yd) = e'''(l - ct)(1 + \xd - yd\)'''K{x',Xd,y',yd), 

and T'^ the operator defined by the kernel K'^. By analytic interpolation, it 
suffices to prove that 

I |T"| l^i^ioc <C if ^a = -{d- l)/2, (3.25) 

and 

||T"|U2_L2 <C if 3fJ(T = L (3.26) 

The bound (IT^ follows easily since \H{z',Zd)\ < C(l + kd|)^('^"^)/^ by 
stationary phase arguments. 

To prove ()3.2fij) . we take partial Fourier transforms in the variables y' and x' . 

Let W^{xd,yd) = e''\l-(T){l + \xd-yd\)~''WN{xd,yd)- An easy computation 
shows that 

f^fW,Xd) = c[ fW, yd)W-^{xd, yd) "'""^^^ ~ ^<PW) dyd- 



(3.27) 
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Notice that 

sin[A/l 



We substitute this into ()3.27|) . Notice that the exponential factors e^*"^/^"'''''' 

and e^*v^^~'''''^^'* can be paired with T'^f{ri',Xd) and f{ri',yd) respectively. By 
Plancherel's theorem, the bound (|3.26|) would follow once we prove that 
the kernel defines a bounded operator on L^(M): 

h{yd)W^ixd,yd)dyd\\Li^<C\\h\\Li^ if 3fJa = 1. (3.28) 



yd 



We will use the maximal operator 



Mh{t) = sup 

reK 

For h G 5(M) and > we have 
hiydW^{xd,yd) dyd 



f h{t - s)e"\l - g){1 
Jo 



Kyd)e'^\l + \xd - yAY"^^^^^ dyd\ 



Xd 



Xd 



_d_ 

dyd 



Vd 



h{s)e'' {1- a){l + \xd- s\y ds 



Xd 



lJ^N,'yiyd 
Jj'N,'y{Xd) 



r ( r h{s)e''\l - a)(l + \xd - slY'' ds\ 



< 



d JlN,^{Xd) 

dydJi-NaiVd) 



Mh{xd) 



Xd 



d IJ,N,-y{Xd) 



dydl^NniVd 



dyd < Mh{xd). 



dyd\ 
dyd\ 

(3.29) 



The last inequality is due to the fact that the function yd [lJ^N,-y{,Xd) I lJi'N,'y{yd)\ 
is nonincreasing, thus it has bounded variation. A similar computation proves 
the estimate ()3.29|) in the case < 0. In addition, when 3?ct = 1, the kernels 
X±(s)e'^ (1 — cr)(l + |s|)^°" are Calderon-Zygmund kernels, uniformly in a. 
Therefore the maximal operator M is bounded on L^(R) (see, for example, 
UHl Chapter I, Section 7], so the bound follows from (jSHi. □ 



Lemma 3.5. For f G 5(R°') we have 



\T\ 



LPd^B 



B^L^d 



< C. 



(3.30) 



Proof of Lemma \3. 5\ We prove the bound for the first term in (j3.3Up (the proof 
for the second term is identical) . As in the proof of Lemma 13.31 it suffices to 
prove that 

\\Tf{.,Xd)\y,<C\\f\yd. (3.31) 
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Assuming Xd fixed, let g{y',yd) = f{y',yd)WN{xd,yd), where WN{xd,yd) e 
[—1,1] is the weight defined in the proof of Lemma EH Clearly, HflfULPd < 
liPd. Also, 

1 f m 



Tf{x',Xd) = f g{y', yd)H{x' - y\ Xd - yd) dy'dyd = / 

The bound (j3.31|) follows from Plancherel theorem and the Stein- Tomas re- 
striction theorem. □ 

We remove now the restriction (jH.llj) . Let ip : M.'^ —>■ [0, C] denote a smooth 
function supported in the ball {x : < 1} with J^^ ipdx = 1, and x : M'^ ^ 
[0, 1] a smooth function supported in the ball {x : \x\ < 2} and equal to 1 in 
the ball {x : |x| < 1}. For e G (0, 1] and r G [1, oo), let (pei^) = e~'^ip{x/e) and 
Xrix) = xix/r). Let 

UeA^) = Xr{x){u * 'p>e){x). 

Clearly Ue,r G S{R'^) and 

(A + \)Ue,r = Xr[(A + \)u * (^e] + 2VXr " V(m * ife) + ^Xr{u * ife)- 

We apply Theorem II .21 to the Schwartz function u^ .^. The result is 

\\^^N,■yXr{u*^Pe)\\x'' < C N A\^^N ,^Xr[{^ + >)u * ipe]\\x^ 

+ CN,5[\\^^N,■y^Xr ■ ^iu*iPe)\\B + \ \llN,-i^Xr{u * V^e)!^]. 

The function Vxr and A^^ are both supported in the set {x : \x\ G [r, 2r]} 
and dominated by C/r. In addition, |V(m * (pe)\ < Ce~-^|M| * {e~'^\V(p{./ e)\). 
By ()1.10j) . assuming e fixed and letting r — > oo in ()3.32|) . we have 

The theorem follows by letting e — 0. 

4. The operators Idx- + Rq{\± ie)L 

Following the classical scheme, we will transfer some of the previous esti- 
mates for the free resolvent to the perturbed resolvent by means of the resolvent 
identity. This requires inverting 

Idx' + Ro{X±iO)L (4.1) 

as an operator on X*. We start with the definition of the operators Ro{X±iO). 

Lemma 4.1. (a) The map z — >• Ro{z) defines an analytic map from C\ [0, oo) 
to £{X,X*). 
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(b) For any \ G (0, oo) there are operators Ro{X + iO), Ro{X-iO) e C{X,X*) 
with the property that 

\\Ro{X±tO)\\x~,x* < Cs for any X e [6,6-'],6 > 0. (4.2) 

In addition, for any sequences {Xn}'^=i C (0, oo) and {e„}^;^ C [0, oo) with 
Xn ^ X and 0, we have 

lim {RoiXn ± ten)f, 0) = {Ro{X ± tO)f, 0) (4.3) 

n— ►oo 

for any / G X and G iS(M'^), and 

lim ||l||,|<^}[i?o(A„±ze„)/-i?o(A±zO)/]|U2 = (4.4) 

for any / G X anc? i? > 1. 

(c) For XeR\ {0}, e>0, and g e X 

[-A-{X±te)]Ro{X±te)g = g 

in the sense of distributions (by a slight abuse of notation we let Ro{X + iO) = 
Ro{X - iO) := Ro{X) when X G (-oo, 0) ). 

Proof of Lemma \4-1\ Part (a) follows directly from the definitions; in fact, the 
map z — >• Rq{z) defines an analytic map from C \ [0, oo) to C(W~^'^, W^''^). 

For part (b), we use the fact that i?o(^)/ = / * -Rz for 2; G C \ [0, 00) and 
/ G S{R'^), where 

R,{x) = C{z'/y\x\Y''-'y'K^,,2)/2Hz'/'\x\). (4.5) 

Here denote the Bessel potentials and, as before, 53(z^/^) > (see [H 
p. 288]). Standard estimates on the Bessel potentials show that if \z\ G [6, 6~^] 
then 

\Rz{x)\ <Cs llxl"^'^-^^ if < 1 and d > 3; (4.6) 

[log(2/|a;|) if |x| < 1 and d = 2. 

We define the kernels Rx+io{x) and Rx-io{x) using the formula (j4.5|) and letting 
z ^ X + iO and z ^ X — iO. The kernels R\±io{x) satisfy the bound (|4.6|) . 
Then, for / G 5(R°'), we define 

RoiX±iO)f := f*Rx±^o. 

Using the Lebesgue dominated convergence theorem and ()4.6|) . 

lim / * Rx„±ie„ {x) = f* Rx±ioix) (4.7) 
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for any / G 5(M'^) and x G M'^, where A„ and e„ are as in part (b). Using the 
Fatou lemma and Theorem ll.il for any / G iS(R'^) and A G [6, 

\\RoiX±tO)f\\s.,iB*) = WiSif) * Rx^^oWb^ <hmsup||(5i/)*i?A±Vn||B* 

< hmsup 11/ * Rx±i/n\\s-iiB*) < CsWfWx- 

n— >oo 

A similar estimate shows that ||-Ro(A ± ^0)/| < C^H/Hx for any 
/ G 5(]R°'). Thus the operators Ro{X ± ^0) extend to bounded operators from 
X to X* and (jOI) holds. 

To prove the limits ()4.H|1 and ()4.4|1 . we notice that we may assume / G iS(M'^), 
in view of (jOl) and the fact that S{R'^) is dense in X. The limits (jOl) and (jOj) 
then follow from the Lebesgue dominated convergence theorem, the poinwise 
limit ()4.7p . and the observation that \ f*Rx„±ien{^)\ ^ C*! |/| [^(Rd) (using ()4.6|) ). 

For part (c) we have to prove that for g & X and (j) G 5(]R''), 

([-A - (A ± ze)]i?o(A ± te)g, 0) = {g, 0), 
which is equivalent to 

(i?o(A ± ie)g, [-A - (A ^ = {g, 0). (4.8) 



When A < or e 7^ 0, the identity ()4.8|) is clear, for any g G 5'(M ). When 
A > and e = 0, the identity (gSl) follows from (Q. □ 

Next we establish the compactness of the operator L. 

Lemma 4.2. If L is an admissible perturbation, then L : X* —>■ X is a compact 
operator. 

Proof of Lemma \J^ Let {fn}'^=i denote a sequence of functions in X* with 
||/n||x* < 1- Let X : R'' — >• [0, 1] denote a smooth function supported in the set 
{\x\ < 2} and equal to 1 in the set {|x| < 1}. For any r > 1 let Xr{x) = x{^/'^)- 
Since ||^i(/„)||b* <1, 

\\fnXr\\w^-^<Cr (4.9) 

for any n>l and r > 1. 

We use first (j4.9p with r = 1. By the Rellich-Kondrachov compactness 
theorem, there is a subsequence {/i,n}^i ^ and a function gi G 

with the property that 

lim /i,„Xi = 9i in L^- 

n— >oo 

We repeat this argument inductively for r = 2, 3, . . . and construct subse- 
quences {fk,n}'^=i ^ {/fc-i,n}^i and functions g^ G with the property that 

lim fk,nXk = gk in (4.10) 
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We consider the diagonal subsequence fk := fk,k, k = 1,2, . . .. It remains to 
prove that Lfk is a Cauchy sequence in X. Given e > 0, we use p.l4|l with 
N = 0. Therefore, there are constants and with the property that 

||i^(7A: - fk')\\x < {e/mlk - fk'Wx' + AMfk - MxrsWl^- 
By (j4.1(Jj) and the definition of fk 

hmSUp IK/fc - fk')XRe\\L^ = 0. 
A:,fc'— >oo 

Thus \ \L{fk — fk')\\x < £ for k, k' large enough, as desired. □ 

The following is a technical lemma which will be needed in the proof of 
invertibility of Idx* + -Ro('^ =t ie)L. 

Lemma 4.3. Assume (p G C^(M'^); 0(0) = 1, and = if \x\ > 1. Then 
for any A > and g E X , 

Q{g,Ro{X±iO)g) = c, [ |^(OI'^(c?0 

hm / \R,(X±^0)g\^(x)<pQ^ = C2 [ \m\' ^(d^ 
where Ci = Ci(A, ±) 7^ and C2 = C2(A, ±, 0) 7^ 0. 

Proof of Lemma |^ . 'J\ \i g E S{W^), then these properties are standard, see 
for example [SJ Chapter XIV]. Clearly, i5(M'^) is dense in X. Moreover, in 
view of Theorem 11.11 the left-hand sides of these limits are continuous with 
respect to the norm of X. Finally, by the trace lemma and the Stein- To mas 
theorem, respectively, the right-hand sides are also continuous with respect to 
the X-norm, which proves the identities. □ 

Assume from now on that L is the admissible perturbation in Theorem 11.31 
We define a set £^ C ]R\ {0} so that off this set (j4.H) is invertible. We will show 
later that £ is exactly the set of nonzero eigenvalues, which we denoted by £ 
in Theorem 11.31 Let 

:= {A G M \ {0} : there is / G X* \ {0} with (Idx- + Ro{\ ± «0)L)/ = 0}. 

^ ^ (4.11) 

Notice that i?o(A - iQ)g = Ro{\ + iO)g for any g e X. Thus £+ = £- := £. 
For any AGM\{0}we define the eigenspaces 

J^^ = {/ G X* : (Idx. + i?o(A ± iO)L)f = 0}. 

Lemma 4.4. Assume that \e £ and f e . Then (1 + \x\^)^ f G X* for 
any N > 0, and 

\\il + \x\Yf\\x^<C^,L,x\\f\\x^. (4.12) 
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Proof of Lemma\4-4\ We show first that 



{Lf,g) = {LgJ) (4.13) 

for any f,g E X* (this is assumed in ()1.13|1 for f,g & S(M.'^)). Using the 
functions x cLnd (f defined at the end of section IHl we define the sequences 

fnix) = Xnix){f * (pi/n)ix) and gnix) = Xnix){g * (pi/n)ix). 

Clearly, e 5(M'^), ||/„|U- < C||/|U., and Wg^Wx* < C\\g\\x*. In view 

of ()1.13p . it suffices to prove that 

\im{Lf,,gn) = {Lf,g). (4.14) 

n— >oo 

We remark that the sequences /„ and may not converge to / and g in X* 
(in fact 5(]R'^) is not dense in X*). However, using p.llj) and the fact that 
iS(R°') is dense in X, for the limit above it suffices to prove that 

lim ||L(/„-/)|U = 0, (4.15) 

n— >oo 

and 

lim {{gn - ^), 0) = for any E SiW^). (4.16) 

The limit ()4.16|) is clear, even for any g G L^'^. For the limit ()4.15|) . given 
e > 0, we use (fm)) with = 0. The result is 

Wm - f)\\x < e\\fn - fWx' + AM^ - /IU^({N<H.}). 

Since lim^^oo — f\\L^{{\x\<R}) = for any -R > 1, the limit ()4.15p follows. 
Assume that 

f + Roi\±tO)Lf = (4.17) 

for some / G X*, A G M \ {0}, and some choice of + or — . If A > 0, then we 
use Lemma 14.31 and the fact that {Lf, /) G M to conclude that 

= i?o(A ± tO)Lf) = c [ \rffda 

with some constant c 7^ 0. Applying Lemma (4.31 again implies that 



lim R-^ 

R-*oo 



[Roi\±tO)Lf]ix) 



'{\x\<R} 

In view of ()4.17|) this is the same as 



dx = 0. 



lim R-' / \fix)\'dx = 0. (4.18) 



'{\x\<R} 

Let 6 > he such that 6 < |A| < S^^. By Lemma (4. II and Theorem 11.21 

||/^iV,7/IU* < CN,5\\fJ'N,'yLf\\x- 
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We use ()1.14|1 with e = {2Cn,s)~^ and the fact that | |/iAr,^/| |x* < oo. By 
absorbing the term {l/2)\\fiiy^^f\\x*, 

\\lJ'N,yf\\x- < CN,L,5\\f\\B*- 

The inequahty (j4.12j) follows by letting 7^0. 

If A < 0, t hen sin ce Lf e X ^ W-^'"^, we have Ro{\)Lf e W^''^, thus 
holds, using ()4.17|) . The same argument as above proves ()4.12|) . □ 

Lemma 4.5. (a) For any A G M \ {0} 

C{ue Domain(i/) : Hu = Am}. 

In particular, S S. 

(b) The set S is discrete m M \ {0}, i.e., I (1 S is finite for any compact set 
I C M \ {0}. 

(c) For any A G M \ {0}, the vector spaces JF^ are finite- dimensional. 
Proof of Lemma \4.5\ For part (a), by Lemma f4. II (c) 

(_A-A)/ + L/ = (4.19) 

for any / G J^^. By Lemma lOl / G W^''^, thus / G Domain(H). 

We prove now part (b). Assume, for contradiction, that the set S H {\ : S < 
\M — ^~^} is infinite for some 6 > 0, thus £^n{A : 6 < |A| < 6~^} = {Ai, A2, . . .}, 
Am 7^ A„ if m 7^ n. For any n fix G JF+^ \ {0}. By (14.191). 7^ /„ if m 7^ n. 
By ()4.12|) . /„ G W^'"^. We normalize the functions /„ in such a way that 
= 1. Then, by gJ^, 

\\{l+\x\^)fn\\w^,-^<CL,5\\fn\\x'<CL,5 (4.20) 

for any integer n>l. Also, by ^TT^ . (-A + l)/„, = (A„ + 1 - L)/„, thus 

/„ = /2o(-l)[(A„ + l-L)/„] 

= (A„ + l)i?o(-l)(l + |xn^M(l + \x\^)fn] - Ro{-l)Lfn. 

Using Lemma [4. 2| it is easy to see that the operators 

Rq{-1){1 + Rq{-1)L : W^''^ as compact operators. (4.22) 

By ()4.20|) and 1)4.211) . we pass to a subsequence and assume that lim„_,oo fn = 
/oo in W^'"^. By the normalization of the functions fn, WfooWw^'^ = 1- On 
the other hand, by part (a), the functions /„ are eigenf unctions of the self- 
adjoint operator H (see section with different eigenvalues, thus {fm, fn) = 
if m 7^ n. Therefore /oo = 0, which yields a contradiction. 

For part (c), assume for contradiction that dim(jF^) = 00 for some A G 
M \ {0}. Then we could find an infinite sequence of functions {fn}^=i C JF^, 
such that ||/„||vi/i,2 = 1 and {fm, fn) = if m 7^ n. The same argument as 
above gives a contradiction. □ 
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Finally, we need to prove that the operators Idx* +Ro{^^i^)L are uniformly 
invertible on X*, provided that A is separated from S. 

Lemma 4.6. (a) For any A G (M \ {0}) \ S and t G [0, oo), the operator 
Idx* + Ro{y^ ± 'i^)L is invertible on X* . 
(h) For any compact set / C (M \ {0}) \ £ , 



sup sup 

Ae/ l>e>0 



-1 



< oo. 



(4.23) 



Proof of Lemma \4 ■ 6| For part (a) we use Lemma l4.2[ Since -Ro('^ i is 
compact on X*, the only alternative to invertibility is the existence of a non- 
trivial kernel. By the definition of the set such a nontrivial kernel could 
only exist if e > 0. If / G X* has the property that 

f + R,{\±ie)Lf = {), (4.24) 

then 

(L/,/) + (L/,i?o(A + ze)L/) =0. 
Since L is symmetric, by taking the imaginary part we have 



= 53(L/,/?o(A + ^e)L/) 



i^/r[(iep-A)^ 



.21-1 



Since e 0, it follows that Lf = 0, thus / = by KM . 
For part (b), we show that 



sup sup 

Ae/ l>e>0 



(Idx* + i?o(A + ze)L)-i 



< oo. 



(4.25) 



The proof for the operators (Idx* + -Ro(A — ie)L)~^ is identical. Assume for 
contradiction that the supremum on the left-hand side of ()4.25|) is oo. Then 
there exist /„ G X*, = 1, such that 

||(Idx*+i?o(A„ + ze„)L)/„|U. ^0 

as n — > oo. Here A„ G / and e„, G [0, 1]. We start from the identity 

fn = -i?o(A„ + ^en)Lfr, + r„, (4.26) 

where ||r„||x* — > as n ^ oo. By passing to a subsequence, we may assume 
that A„ + ze„ — * Aoo + i^oo £ x [0, 1] and, since L : X* — > X is compact 
(Lemma lOI), L/„ ^ h in X. Let foe = -i?o(Aoo + ieoo)h e X*. Using 
for any (p G 5(]R^) we have 

lim {fn, 4>) = lim (-/?o(A„ + ien)Lfn, (f>) 

n— >oo n^oo 

= lim {-Ro{Xn + ie„)h, (p) + lim (-Ro(A„ + ie„)(/i - L/„), (p) = (/oo, (p). 

ji— >oo n—foo 

(4.27) 
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In the last identity we used Lemma [4. II and Theorem ll.il In addition, for any 
e > we use (ITTD with = 0: 

\\Lfn - LfooWx < ^Wfn - /oolU* + - /oo ) l{|x|<R,} 1 1 L2 

< e\\U - /oolU* + C,[||r„|U. + WRoiK + ^en){Lf^ - K)\\xA 

+ Ae\\l{\x\<R,}[RQ{Xn + i(^n)h - Ro{Xoo + i^oo)h]\\L^. 

By Lemma [4.11 and Theorem ll.il 

lim Lfn = Lfoo in X. (4.28) 

n— >oo 

It follows from (jOTjl . (jO^ and Lemma lO that for any G 5(M'^) 

= lim {fn + RoiKi + i(^n)Lfn, (p) = (/oo + ^o(Aoo + ^600)^/00, </>)• 
n— +00 

Thus /oo + -Ro('^oo + i^oo)Lfoo = 0, which, in view of part (a), shows that 
/oo = 0. By ()4.28p . lim„_^oo Lfn = in X. This gives a contradiction, in view 
of the identity ()4.26p and the fact that ||/„||x* = 1- CH 

5. Proof of Theorem 11.31 

We can now finish the proof of Theorem 11.31 

Proof of part (a): We show first that if u G Domain(i7) then 

||m||^i.2 < Cl\\u\\12 + Co{Hu,u), (5.1) 

for some constants Cq > and C^. To see this, we start from the identity 

{Hu, 0) = (Vm, V0) + {Lu, 0), 

valid, by definition, for any u G Domain(i7) and G iS(]R'^). Since u G 
Domain(if), and iS(]R'^) is dense in W^''^{M.'^), we conclude that 

{Hu,v) = {Vu,Vv) + {Lu,v), (5.2) 

for any m, f G Domain(if). Here we used that L : W^'"^ W~^'^. In particular, 
{Hu,u) G M for any u G Domain(if). For e > small enough, we use ()1.14|) 
with N = 0. The result is 

{Hu,u) > II |Vu| 11^2 - \ {Lu,u)\ 

> co||m||^i,2 - C||m|||2 - ||m||x*(£||m|U* + A^IImIIlO 

> Col |m| 1^1,2 - C||m||^2 - C£||m| 1^1,2 - C£||m||^2 

> (co/2) I |m|P^i.2-Cl| 1^11^2, 

by choosing e small enough. This proves 1)5.11) . 

An elementary limiting argument, using ()5.1)1 and the fact that W^'"^ is a 
Banach space, shows that the operator 

H : Domain(if) ^ 
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is closed. Clearly, it is also bounded from below. Finally, using ()5.2|1 and the 
fact that L is symmetric, the operator H is symmetric. It remains to prove 
that Domain(if) is dense in L^, and, using the criterion for self-adjointness 
mi Theorem VIII.3], that 

Range(i/ ±i) = L^. (5.3) 

Lemma 5.1. // A G M, and e G M \ {0}, then 

Rl{\ + le) := (Idvyi,2 + RoiX + ie)L)-^i?o(A + le) 

defines a bounded operator Rl{X + ie) : Domain(/7). In addition, 

[H -{\^ie)\RL{\ + ie) = UL2. (5.4) 

Assuming Lemma 15. the density of Domain(if) in and ()5.3j) follow 
easily (for the density of Domain(i7), notice that Domain(if) contains the set 
(Idvi^i,2 + i?o(i)i^)~^W^^'^, which is dense in VT^'^, thus dense in L^). In addition, 
the identity ()5.2|) shows that the map H — {\ + ie) : Domain(if) L^, e 7^ 0, 
is injective. Thus, the spectrum of the operator if is a subset of M, and we 
have the resolvent identity 

Rl{X + le) = (IdH/1.2 + i?o(A + ie)L)-^Ro{\ + ie), (5.5) 

for A G M and e G M \ {0}. 

Proof of Lemma \5.1\ We show first that the operator (Idv^'i,2 + Rq{\ + ie)L) 
is well-defined and invertible on W^'"^. Using (jl.fij) . Lemma l4.2[ and the fact 
that e 7^ 0, the operator Ro{X + ie)L : W^'"^ W^'"^ is bounded and compact. 
By Fredholm's alternative, it suffices to prove that the kernel of this operator 
is trivial. Assume / G W^''^ has the property that 

/ + i?o(A + ^e)L/ = 0. 

The same argument as in the proof of Lemma mSfa) shows that / = 0, which 
completes the proof of invertibility. 

Therefore, the map Rii^+i^) : W^'"^ is a bounded operator. It remains 

to verify the identity ()5.4|) . Assume f e L'^ and let g = Ro{\ + ie)f G 1^^'^ 
and h = {Idw^.^ + ^o(A + ie)L)-^g G 1^^'^. Then 

h = g — -Ro(A + ie)Lh. 

Thus, in iS'(R'^) we have 

[-A + L- {X+ie)]h = Lh + [-A - (A + ie)]g 

- [-A - (A + ze)]i?o(A + ie)Lh = /, 



as desired. 



□ 



AGMON-KATO-KURODA THEOREMS 27 

Proof of part (c): Assume u G Domam(if) and Hu = Am, A G ]R\{0}. Since 
u G W^'"^, we have (A + X)u = Lu, u G X*, and Theorem 11.21 applies. Thus 

I |A''7V,7m| U* < CN,\\\^-NriLu\\x- 

As in the proof of Lemma 14.41 we use ()1.14|) with e = (2CiV A)^^ and the fact 
that I |/iAr,-yU| |x* < oo. By absorbing the term (l/2)||/iAr^^M||x*, 

||/iAr,7M|U* ^ Cn,L,\\\u\\b*- 

Part (iii) follows by letting 7 — 0. 
Proof of part (b): For any A G £^ let 

Tix = {m G Domain(/7) : Hu = Am}. 

By Lemma 1^31 S C S and JF^ U JF^ C Hx. It suffices to show that S C S and 
T^A ^ ^\ n JF^. Since Domain(_f/') C X*, it suffices to show that if m G Tix 
then 

u + Ro{X±iO)Lu = 0. (5.6) 
Since (—A — X)u + Lu = we have 

Ro{X ± iO)[(-A - A)m] + i?o(A ± iO)LM = 0. 

For ()5.6p . it suffices to prove that 

i?o(A±iO)[(-A - X)u] = u. 

This is clear if A < 0, for any u G S'{W^). Assume A > and Rq{X ± 
iO)[(-A - X)u] = u' e X*. By Lemma ICTci. since (-A - X)u = -Lu C X, 
(-A - X)u' = (-A - A)m, thus 

(-A-A)(n-n') = 0. (5.7) 

Since (—A — A)^ G X, and by definition of u', Lemma f4.3l gives 

lim / \u'Wx)(Pix/R)dx/R = C2{X) [ \i-A^X)u\^ a{d^). (5.8) 



Since u is rapidly decreasing in (using part (c)), it follows that u G //^(M*^), 
and thus u G C(M'^). Hence, 

[i-A-x)uno = ie~mo 

both in the sense of distributions and as continuous functions. But the right- 
hand side vanishes on \^S'^~^, and so the limit in ()5.8|1 vanishes. Thus 

lim R-^ / \u'\'^dx = 0. 

Using again the fact that u is rapidly decreasing in L^, we can apply Theo- 
rem [Ol with = to the function u — u' . The identity ()5.7|) gives u = u', 
which completes the proof of ()5.6|) . 
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Proof of part (d): We use the resolvent identity 

Rl{X + ie) = (Idvi.1,2 + i?o(A + it)LY^Ro{\ + ie) 

(see (j5.5j) ). Recall that £ = £. The main bound (jl.l8p then follows from 
Theorem 1 1 . 1 1 and Lemma f4.6f b). 

Proof of part (e): The statement asc{H) = is an immediate consequence 
of part (d), see jTHl Theorem XIII. 20]. To prove that a.^c{.H) C [0, oo), assume 
A G (— C)0, 0) \ £. We have to prove that A is in the resolvent set of H. We 
use Lemma 15.11 Since A ^ a^^{H), the equation (Idi4/i,2 + Ro{X)L)f = 
has no solutions in W^'"^. Since the operator Rq{X)L is compact on W^''^ 
(see the proof of Lemma fS.lj) . Fredholm's alternative shows that the operator 
(Idvi^i.2 + Rq[X)L) is invertible on W'^''^. It follows, as in Lemma f5. 11 that A is 
in the resolvent set of H. 

The reverse inclusion a^dH) ^ [0, oo) follows from the existence of the wave 
operators which we establish in the next paragraph. 

Proof of part (f): This will be done by means of a local version of Kato's 
smoothing theory. This is the only place in the proof where condition (3) of our 
definition of admissible perturbations is required. According to f^l Theorem 
XIII. 31] and its corollary^, we need to prove the following: Write Hq = —A, 
H — Hq = L = J2j=i^*j^j in condition (3). Then we need to show that 
each Bj is ifo-bounded and that each Aj is if-bounded. Furthermore, we need 
to show that for any compact interval I so that 

/CM\(^U{0}) (5.9) 

we have the property that AjE{I) is iY-smooth and BjEqII) is ifo-smooth 
in the sense of Kato, see [S]. Here Eq and E denote the spectral projections 
associated with Hq and H, respectively. 

We start with the boundedness properties, and then discuss the smoothness. 
Thus we need to prove that there exist constants a, b so that for each 1 < j < J 

Domain(Aj) D Domain(— A) 

\\A,f\\L2 < a\\Af\\L2 + b\\f\\L2 V / G Domain(A) (5.10) 
Domain (Sj) 3 Domain (/f) 

WBjfh^ < a\\Hf\\L2 + b\\f\\L2 V / G Domain(i/). (5.11) 

"'strictly speaking, [ISJ Theorem XIII. 31] and its corollary are only stated with J = 1. 
But the same proof also applies to the case J > 1 needed here. Indeed, the only change is 
to the first inequality on page 166 of |S1 which needs to be replaced with 

< J2 WMH - z)-'\\ imHo - z)-ie-^°*i?f Vll IIV^II- 

3=0 
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By assumption, Domain(ylj), Domam(_Bj) D W^'^, so that the required set 
inclusions are clear. Furthermore, condition (3) guarantees that 

\\A,f\\v. + \\B^f\\v.<C\\f\\x'<C\\f\\w^,2. 

In conjunction with ()5.H1 . this implies ()5.1()j) and (jS.llll . 

Next, we discuss the smoothness of Aj and Bj. In view of the limiting 
absorption principle (|1.18p holds for /, and similarly for the free resolvent Rq. 
It is shown in [15, Theorem XIII. 30] that it suffices to prove that 

II 1 1 2 II 1 1 2 

sup |e| L4ji?i(A + 2e) 2 r2 < oo? sup |e| LBji?o(A + ze) 2^7-2 < oo 

Ae/,0<e<l AG/,0<e<l ^ 

for the required smoothness properties of Aj and Bj to hold. However, these 
are easy consequences of (jl.l8p and (jl.7|) . respectively, since we are requiring 
that Aj,Bj : X* — > as bounded operators. Indeed, we only need to verify 
that 

II 1 1 2 II 1 1 2 

sup |e| LRi(A + ze) 2 < cxd, sup |e| LRo(A + 2e) 2 y* < 00. (5.12) 

0<e<l ^ 0<e<l ~^ 

Ae/ Ae/ 
To see this, fix e 7^ and apply the resolvent indentity with / G X: 

Pl(A + te)f\\l. = {RLiX + leYRLiX + ie)f, f) 

= ^^{{RL{X + ^er-RL{X + ^e))fJ] 

< ^11/11^, 

by (jl.lSp . and similarly for -Ro(-^ + «e). Now suppose g & L? and / G X. Then 
this estimate implies that 

\{RL{\ + ie)gJ)\<C\e\-^/^\\f\\x\\g\W. 

Thus, -Rl(A + ie)g is an element of X* with norm 

|e| \\RL{\ + ie)g\\\,<C\\g\\l 

and similarly for -Ro(A + i^)g- Hence, we are done, i.e., the wave operators 

n^{H, Ho) := s-hm^^^oo e^^^e"**^", n^{Ho, H) := ^-Yim,^:^^ e**^«e-^*^E,.e 

exist and are complete, see the aforementioned corollary in [T5] . 

We now return to the issue of showing that a (if) fl / 7^ for any nonempty 
interval / C [0, cxd). Indeed, fix any such compact interval which also satis- 
fies ()5.9|) and let W±,W± be the local wave operators defined as the strong 
limits 

W± := s-lim^^^oo e^^*e-'*^°Eo(/), W± := s-lim^^^oo e'^«*e-'*^E(/). (5.13) 
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These strong limits exist because of fSl Theorem XIII. 31]. Moreover, the 
relations 

= W±, W±W± = Eo{I), W±W± = E{I) 

hold. Since Eq{I) 7^ by choice of /, it follows that W± is an isometry on the 
range of Eo{I) and \\W±\\ = 1. Thus also \\W^\\ = 1. Choose any f & with 
W^f 7^ and observe that 

Hence E{I) 7^ 0, which shows that cr{H) fl / 7^ 0, as claimed. 

Proof of Corollary Note that any F e L'^^^ (M°') satisfies, by Sobolev 
imbedding, 

l|i^^i/(d+i)/l|L^ <C||F|U.+i||/|Ui,.. 

Therefore, A := FSi/(^(i+i) is bounded relative to both H and Hq. Moreover, 
since l/2 = l/p'^ + l/{d+l), 

\\Fg\\L2 < \\F\\Ld+A\9\\^p'a 
so that by definition of X*, 

\\Afh<\\F\\^.^4f\\x^. 
Hence, for any J C M \ (£: U {0}), 

sup sup ||FS'i/(d+i)i?L(A + ie)Si/(^d+i)F\\L2^L2 < C{I, L) \\F\\\i+i, 

0<e<l Ae/ 

see (I1.18|l and similarly with Rq. By Kato's theorem l9j, more precisely the 
local version of this theorem as given by ^3 Theorem XIII. 30], these properties 
imply that ^5*1/(^+1) is smoothing relative to both H and Hq, and the constants 
involved only depend on Using Kato's theory [S], 

/oo 
I [e^*^i?(/)/| \l. dt < C{I, L) I I/I li. I |F| |2 

-00 

which is equivalent to the bound on the first term in p.26p . For the second 
term we define 

A := R^'^^'^l[\x\<R\Si, 
for any R>1 and argue as before. 

6. Examples of admissible perturbations 
In this section we prove Proposition 11.41 We notice first that 

||V^/lb< ||V^||y||/||ij. 

for any V & Y and f & B*. The constants C in this section may depend on 
the exponent qo if d = 2. Part (c) of Proposition II .41 is clear, directly from the 
definition of admissible perturbations. 

For part (a) we prove the following lemma: 
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Lemma 6.1. We have 

II \V\'/'S_y^,^,^f\\L. < C^||M,„(V^)||^{li,/.||/||^.:,, / e L^'^ (6.1) 

II \V\'/'S^J\\,. < q|M,„(V)||f 11/11^., / G B% (6.2) 

and 

II |V^|^/^5-i/|U^ < C\\ \V\ * K.,i/2||f II/IIb*, / e B\ (6.3) 
Proof of Le'mm,a \6.1\ We use the fact that for a E {l/{d+ 1), 1} 

\S-J{x)\<C\f\*W^{x), 

where 

ly.(x) = |yr('^-")iii,i<ii + iyr('^+i)iii,i>ii. 

For any s G Z"' let denote the cube {a; : supj^;^ ...dl^i^-^il ^ V^}- For 
()6.ip . using the Cauchy-Schwartz inequahty and fractional integration 

|||V^r/^^-i/(.+i)/|li.<c5^ I \V{x)\[\f\*W„^,^,^{x)fdx 



<c5^||x^||z..o(Q.)-|||/|*iyi/(.+i)||^.,.(^^^ 

<cJ2 II^IIl-w.) [ E II (^qM\) * ^v(<^+i)IL^.',(Q.) 

li^'^'w.') 

which gives (j6.ip . The proof of (j6.2p is similar: 

lll^r/'^-i/||i.<C^E / \V{x)\[\f\*Wr{x)rdx 



<cJ2 II^IIl^o(q.)[5^ II/IIl^:.(q.)^i + I^ " ^'D''"'^' 



s62 



,/|N-d-ll2 



< E 11^11^-^4 5Z ii(1q.'I/I) * ^ilU(Q.)" 

<cJ2\\v\\,.oiQ^)[J2 II/IIl^(q.)(i + I^-^1) 



<C5^(2^- sup ||V|U,o(Q.))-T, 



32 ALEXANDRU D. lONESCU AND WILHELM SCHLAG 

where, assuming j fixed, 

oo 



s 



ez-^nD^ i'=o s'sz^nD,/ 



(6.4) 



j'=0 

This completes the proof of ()(i.2j) . To prove (jfi.Hj) . for any s G Z'^ let denote 
the cube {x : sup^^^ ^\xi — Si\ < 3/2}. We replace fractional integration with 
the following local bound: 

II i^r/'[i/i*(ii/r^'-'^i{M<i})]iiL^(Q.) < c^ii i^i*^<^,i/2iii{!(Q^)ii/iL.(Q.). (6.5) 

This follows from [TT| Theorem 2.3]. Using the fact that | |V^| |li(Qs) ^ C| I |^| * 
-^d,i/2|lioo(Q^), we have 



\V\'/'S.J\\1.<CJ2 / \V{x)\[\f\*W^{x)rdx 

<CJ2\\\V\* ll/lli^W.)(l + N - ^1)"'"']^ 



oo 



<C5^(2^- sup |||V|*K,,i/2||^^(Q^))-T„ 

where T,- is as above. The bound ()6.4j) completes the proof of the lemma. □ 

We return to the proof of Proposition 11.41 Let AfiiV) = \\Mq^^{V)\\i^(d+i)/2, 
^f2{V) = \\Mq^{V)\\Y, and AfsiV) = \\ \V\ * -ft'd,i/2||y- It follows from Lemma 
Othat 

\\\V\^^^u\\l2 <C min AfiiVy^^\\u\\x* (6.6) 

i6{l,2,3} 

for any u e X*. For potentials V as in (fTT^ . (fOU)) . or (fT^ and m G X* we 
define the distribution Lyu by the formula 

{Lvu,(l)) := {\V\^^\,\V\^/\ign{V)(p) = [ Vmpdx. (6.7) 



The distribution Lyu is well defined, in view of ()6.6|) . Using ()1.12p and ()6.6|) 

||i^yt^lU<C min M(V^)|k|U-, ^ G X*, (6.8) 

i6{l,2,3} 

thus Ly G £(X*, X). The identity ()6.7|) also shows that L is symmetric in the 
sense on fll.l3|) . 
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Next, we verify ()1.14j) . Let (y? : M'^ — [0, C] denote a smooth function 
supported in the ball {x : |x| < 1} with j^^ipdx = 1, and x : M'^ ^ [0,1] 
a smooth function supported in the ball {x : |a;| < 2} and equal to 1 in the 
ball {x : |a;| < 1}. For e e (0,1] and r G [l,C)o), let (pe{x) = e~'^ip{x/e) and 
Xr{x) = xi^/f^)- For integers n > 1 let 

We will show that 

if ^^l{V) < oo then \imn^^^^l{V - K) = 0; 

liM^iy) < oo then lim„^ooAr2(V - K) = 0; (6.9) 

if lim^^o II 1^1 * Kd^slW = then liuin-^oo J^siV - K) = 0. 

Assuming ()6.9p . the proof of ()1.14|) is easy. For i G {1,2,3}, given e as in 
fll.l4|) . we fix n = n{e) with the property that J^i{V — Vn) < (e/C)^/^, where 
C is the constant in ()6.8p . Using ()6.8|) 

\\^N,^Lvu\\x < \\Lv-Vn{f^N,'rU)\\x + \ \fJ'N,'rVnU\\x 

< e\\HN,'yU\\x* + C\\HN,'yVnU\\B (6.10) 
^ £^||/^Af,7^IU* + Cy,Af,£||^l{|x|<2n}||L25 

as desired. It remains to verify ()6.9|) . The first two limits in ()6.9p are straight- 
forward. For the last limit fix £ > 0. By the definition of the space Y, there is 
n^y with the property that 

Then 

\\[\V-Vn\*Kd,l/2]l{\.\>n,,^}\\Y<e/3 (6.11) 

for any integer n > 1. The condition p. 211) shows that there is S^y with the 
property that 

IIO'^" - Kl * ^dA,v]l{N<n.,v}lly <C\\V* Kd,s,,y\\Y < e/3 (6.12) 
for any integer n > 1. Finally, notice that the kernel -R'(i,i/2— -K^d,^^ v bounded. 
Since V G Ll^{R^), lim„^oo[K - ^]l{|x|<n,,v+i} = in L^, so (jHSl) follows. 

To verify condition (3) let J = 1 and AiU := \V\^^'^u, BiU := |\^|^''^sign(y)u 
with domains 

Domain(Ai) = Domain(Si) := {f E L'^ : \V\^/^f G L^}. 

It follows from dHIEl) that Ai, Bi G C^X^L"^) and W^'"^ C Domain(Ai) = 
Domain(i?i). Also, it follows from Fatou's lemma that Ai,Bi are closed on 
this domain. It remains to verify the identity ()1.15p . The identity is clear for 
(/>, 'i/' G iS(]R'^), in view of ()6.7|) . For E X*, we define the sequences 0„ 
and ipn as in the proof of Lemma 14.41 In view of ()4.14j) , which was proved 
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using only conditions (1) and (2) in the definition of admissible perturbations, 
it suffices to prove that 

lim Bii,n) = Bi^). (6.13) 

n— >oo 

We may assume that = HV^IU* = 1- Given Eq > 0, we fix uq with the 

property that minjg|i_2,3} A/^;(V^ — Kt„) < e (using ()6.9|) ). Using ()6.6|) 



\{Ai(f)n,Bi'i/jn) - / Ko0n^n<ia;| < Ce. 



The limit ()fi.ia|) follows since hm„_oo 0nl{|a;|<2no} = 4>'^{\x\<2no} in L"^ and 

lim^^oo V'nl{|2,i<2no} = '^'^{\x\<'ino} 

We now prove part (b) of the proposition. Using part (c), we may assume 
that a = (0, . . . , 0, a), so 

a ■ V — V • a = adx^ — d^Ji- 
We are looking to define the distribution La by the formula 

{LaU,(t>) := {Ljd^^u,LJ~'^a(t>) + {uj~^au,ujd^^(t)), (6.14) 
for any u e X* and G iS(]R'^). Here 

oo 

o^ = 5^2-^%lz5,, (6.15) 

j=0 

where ujj > are real numbers that will be fixed depending on the function a. 
The distribution La in ()6.14|) is well defined if 



and 



Since X* C S^iB*, we have 



\ujd^,\\x*^L^ < oo 



\uj "^a||x*-^L2 < oo. 



oo 



1 /2 
j=0 

Assume that the sequence uj is chosen in such a way that 

C-^ujj < ujj+i < Cujj (6.17) 
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\U\\x* 



CO „ 



l/{d+l) 



(6.18) 



< C\ \u\ u. [ ^7^'^'^ [2^'^2| 1^2,0 («) I Il^-^M^. 

i=o 

Using ()6.2|) we have 

IK'aM|U2 < C\\Mg,{uj-\^)\\l!^\\u\\x* 



id+l 



l/(d+l) 



<c||«iu4E2'II^.c 



;a;-V)||io.(D,) 



3=0 



<C\\u\\x*[J2u^T^[2mM,,,ia)\\L. 

j=Q 



1/2 



1/2 



(6.19) 



Using ()6.Hp we have 



Y 



U X* 



1/2 



(6.20) 



<q|n|U4$^<[2^||(|ap*ir.,i/2)^/^||L^(i.,)F 
To deal with potentials a as in p.22|) . we would like to fix 

^,=a[2^-/2||M^^^(^)||^^^^^^^^](.+l)/(.+3)^ 

in order to optimize ()6.16|) and ()6.18p . This is not possible because of the 
restriction ()6.17|) . To avoid this problem, let 

OO OO d-1 

9, = 5^2^"/^||M,,„(a)|U...(^^.,)2-l-^"l and = [%]^/( ^^^"^ 

j'=0 3=0 

Clearly, T/^WM^MW^.+.^d,) < Oj and dEIZD holds. By (jEIED and §M 



I \ujd,M\L^ + I \oo-'au\ \l2 < C\ \u\ \x* [ 5^[2^'/'| |M2,o(a) Wl'^+hd,)] 

3=0 

Similarly, to deal with potentials as in ()1.23p . we let 

OO 

= J22^'\\M2,M\\L^iD,)2-^'-''^ and = [6^]'/^ 
j'=o 



Pd 



(6.21) 
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and it follows from and ()fi.l9|l that 

\\ud^^u\\L2 + ^au\\L2 <C\\u\\x'\2_^2^\M2goia)\\L^^Dj) ■ (6.22) 

j=0 

Finally, to deal with potentials as in (|T^ . we let 

oo 

9, = 5^2^-'||(|a|2 * Krf,i/2)^/'||Loc(z,^.,)2-l^'-^"l and = [9,]'/^ 
j'=o 

and it follows from and (j6.2(J|) that 



oo 

\u;d,,u\\L2 + I \uj-'au\\L2 < C| |n| [ 2^' 1 1 (|ap * 7^^,1/2)^/' | |l= 



j=0 



1/2 



(6.23) 

It follows from KTH) . KT^ and (IFT^ that the distribution La in (Oil is 
well defined. In fact, 



{LaU, 4>) = I a{d^^u)(j) + au{d^^(f)) dx, (6.24) 

for any u G X* and (f) G 5(]R'^), where the integral converges absolutely. 
Let Aflia) = [ET=oi'^'^'\\M2M\\L'^+riD,)r'\ , Ar^(a) = | |M2,„(a)| |y, and 

= ||(|a|2 * Kd,i/2y/^\\Y- Using ([TT^ . it follows from (IFTTll . (IFT^ . 
and (jFT^ that 

Ili^awlU < C^||m|U* min Af'{a), (6.25) 

ie{l,2,3} 

Thus L(j G £(X*,X). It follows easily from ()6.14j) that La is symmetric, in 
the sense of ()1.13p . 

To prove condition (2) in the definition of admissible perturbations, let 

where x ^i^nd (f are as before. As in the proof of ()6.9p . it follows that 

if A/'/(a) < 00 then lim„_^oo A/](a — a„) = 0; 

if A/'2(a) < 00 then lim„^oo A/'2(a — a„) = 0; 

if lim^^o II [|ap * ifd,5]^/^||y = then limn^oc J^sia - an) = 0. 

The identity (|6.24|) shows that La = La„ +La_a„. An estimate similar to (j6.1Up 
shows that it suffices to prove that for any > 

\\fJ,N,yLaU\\x < Cn Hiin A/^'(a) | l/iAr^^wl |x* , (6.26) 

j6{l,2,3} 

for any u G X* and any 7 G (0, 1]. With the notation in Lemma f3. 11 it is easy 
to check that 

IJ,N,'yLaU = La{HN,'yU) - hd{a - a)(/XAr,^M). 
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The bound for the first term follows directly from ()fi.25|l . For the second term, 
we define u = uj{a) = uj(a) as before, and use (jl.l!2|) . (j6.22p . and (j6.23|) : 

\\bd{a -a){fiN,-yu)\\x < C sup \{uj''^{a -a){fiN,'yu),ubd(p)\ 



< C\\fiN,'yu\\x* min A/^'(a)"^/^ sup | |c<j6rf0| |j;^2 

*e{l,2,3} ,^e5(R'*),||9i||x*=l 

<C\\iiN'yU\\x* min M'(a), 
ie{i,2,3} 

using ()3.1|1 . This completes the proof of ()1.14|1 . 

For condition (3) in the definition of admissible perturbations, let J = 2 and 

AiU = B2U := LJ~^au, and Biu = A2U := udx^u, 

where u is defined as before. As domains we again choose the natural ones, 
i.e., 

Domain(Ai) = Domain(52) := {/ G : W^af G L^} 
Domain(5i) = Domain(A2) := {f E : ud^J G L^}. 

It is again easy to see that these domains make Ai, A2, Bi, B2 closed.^ It follows 
from (jnm, and (jfT^ that A^, Bi, A2, B2 G To verify the 

identity (jl.l5|) . we notice first that the identity holds if 0, t/^ G iS(M'^), in view 
of the definition (|6.14j) . The proof for (f),ip E X* then follows by the same 
limiting argument as in part (a), see the proof of (j6.13p . 
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